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ON NILPOTENT LIE ALGEBRAS OF SMALL BREADTH
BORWORN KHUHIRUN, KAILASH C. MISRA AND ERNIE STITZINGER
Abstract. A Lie algebra L is said to be of breadth k if the maximal dimension
of the images of left multiplication by elements of the algebra is k. In this
paper we give characterization of finite dimensional nilpotent Lie algebras of
breadth less than or equal to two. Furthermore, using these characterizations
we determined the isomorphism classes of these algebras.
1. Introduction
Classification of algebraic objects is a central theme of mathematical research.
The classification of finite dimensional complex simple Lie algebras due to Killing
and Cartan is well known (cf. [3]). However, due to the existence of the vast
number of finite dimensional nilpotent Lie algebras the classification problem has
been formidable for this class. As a result, many researchers have made progress by
classifying nilpotent Lie algebras satisfying certain conditions. Research in finite
group theory has followed a similar path. Simple groups have been classified, but
the large number of finite p-groups has led researchers to investigate p-groups with
added conditions. One such condition is the breadth of a finite p-group ([6],[8]).
The breadth b(G) of a finite p-group G is defined as the size of the largest conjugacy
class in G. Analogously the breadth b(L) of a Lie algebra L is defined to be the
maximum of the dimensions of the images of adx for all x ∈ L. In [8], Vaughn-
Lee settled a long standing conjecture by showing that for a finite p-group G of
breadth b = b(G), |G2| ≤ p(b(b + 1)/2). He also showed that for a nilpotent Lie
algebra L of breadth b = b(L), dim[L,L] ≤ b(b+ 1)/2. More recently, Parmeggiani
and Stellmacher [7] gave characterizations of finite p-groups of breadth 1 and 2.
However, so far there does not exist a classification of these finite p-groups.
In this paper we give characterizations for nilpotent Lie algebras of breadth 1
and 2. In particular, we show that a finite dimensional nilpotent Lie algebra is of
breadth 1 if and only if its derived algebra is one dimensional. We also show that
a finite dimensional nilpotent Lie algebra L has breadth 2 if and only if either the
derived algebra of L has dimension 2 or the derived algebra and the central quotient
both have dimension 3. These results parallel results in finite p-groups.
Finally we use our characterizations to classify finite dimensional nilpotent Lie
algebras of breadth 1 and 2. We define a Lie algebra to be pure if it does not
have abelian ideals as direct summands. Then we classify finite dimensional pure
nilpotent Lie algebras of breadth one and two since abelian summands can be added
harmlessly. In particular, we show that a finite dimensional pure nilpotent Lie alge-
bra of breadth 1 is isomorphic to a Heisenberg Lie algebra. For a finite dimensional
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pure nilpotent Lie algebras L, the center is contained in the derived algebra. By
our characterization result, the dimension of the derived algebra of a finite dimen-
sional pure nilpotent Lie algebra L of breadth 2 is either 2 or 3. We determine the
isomorphism classes of finite dimensional pure nilpotent Lie algebras of breadth
two with three dimensional derived algebra. We also determine the isomorphism
classes of finite dimensional pure nilpotent Lie algebras of breadth two with two
dimensional derived algebra and one dimensional center. For the remaining case
where the derived algebra and center have dimension 2 each, we determine their
isomorphism classes up to dimension 6. We hope that these classification results
will lead to corresponding classification results in finite p-groups.
2. Basic properties of breadth for Lie algebras
Let L be a finite dimensional Lie algebra over field F and A be an ideal of L. In
this paper we assume char(F ) 6= 2. For any x ∈ L we define bA(x) = rank(adx|A)
and bA(L) = max{bA(x) | x ∈ L}. Clearly bA(L) ≤ dim[A,L]. We define the
breadth of L to be b(L) = bL(L). We denote b(x) = bL(x) for all x ∈ L. Clearly
bA(L) ≤ b(L). It follows from the definition that L is abelian if and only if b(L) = 0.
Let Z(L) denote the center of L. The following results are easy to prove.
Proposition 2.1. dim(L/Z(L)) ≥ b(L) + 1.
Proposition 2.2. Let L = L1⊕L2 be a finite dimensional direct sum Lie algebra.
Then b(L) = b(L1) + b(L2).
We also have the following known result.
Proposition 2.3. [8] Let L be a finite dimensional nilpotent Lie algebra. Then
dim[L,L] ≤ b(L)(b(L) + 1)/2.
Now we have the following characterization of breadth one finite dimensional Lie
algebras.
Theorem 2.4. b(L) = 1 if and only if dim[L,L] = 1.
Proof. Suppose dim[L,L] = 1. Since b(L) ≤ dim[L,L] = 1 and L is not abelian
we have b(L) = 1. Conversely, suppose b(L) = 1 and dim[L,L] ≥ 2. Choose
x1, y1, x2, y2, z1, z2 ∈ L such that [x1, y1] = z1, [x2, y2] = z2 and z1, z2 linearly
independent. Since b(L) = 1, we have b(x1) = 1 = b(x2) which implies that
[x1, y2] = 0 = [x2, y1]. Hence [x1 + x2, y1] = z1, [x1 + x2, y2] = z2 which implies
b(x1 + x2) ≥ 2, a contradiction. Since dim[L,L] ≥ 1, it follows that dim[L,L] =
1. 
Now we give the following classification of finite dimensional nilpotent Lie alge-
bras with breadth one.
Theorem 2.5. Let L be a n-dimensional nilpotent Lie algebra with b(L) = 1. Then
L has a basis {x1, y1, x2, y2, · · · , xk, yk, z1, z2, · · · , zn−2k} with [xi, yj ] = δijz1 and
[zi, L] = 0.
Proof. Since b(L) = 1, by Theorem 2.4 dim[L,L] = 1. Since L is nilpotent [L,L] =
Z(L). Let [L,L] = span{z1} and V be its complementary subspace in L. For
u, v ∈ V , we have [u, v] = αz1 for some α ∈ F . We define the bilinear form
ϕ : V × V −→ F by ϕ(u, v) = α. This is an alternating form since by definition
ϕ(u, u) = 0 for all u ∈ V . Since char(F ) 6= 2, by (cf. [4], Theorem 6.3) there exists a
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basis {x1, y1, x2, y2, · · · , xk, yk, z2, · · · , zn−2k} for V such that the matrix of ϕ with
respect to this basis is diag{S1, S2, . . . , Sk, 0, . . . , 0} where Si =
(
0 1
−1 0
)
for i =
1, 2, · · · , k. Therefore, L has the basis {x1, y1, x2, y2, · · · , xk, yk, z1, z2, · · · , zn−2k}
with [xi, yj] = δijz1 and [zi, L] = 0 by definition of the bilinear form ϕ. 
3. Characterizations of breadth two nilpotent Lie algebras
For the rest of this paper we focus on finite dimensional nilpotent Lie algebras
L over F with b(L) = 2. Then {0} ( Z(L) ( L. In this section we prove the
following Theorem which gives a characterization of such Lie algebras.
Theorem 3.1. Let L be a finite dimensional nilpotent Lie algebra. Then b(L) = 2
if and only if one of the following conditions hold:
(1) dim[L,L] = 2, or
(2) dim[L,L] = 3 and dim(L/Z(L)) = 3.
If L is a finite dimensional nilpotent Lie algebra with dim[L,L] = 2, then b(L) 6=
0 since L is not abelian and b(L) 6= 1 by Theorem 2.4. Hence b(L) = 2 since
b(L) ≤ dim[L,L]. Now suppose dim[L,L] = 3 and dim(L/Z(L)) = 3. Then
b(L) ≤ dim[L,L] = 3 and as before b(L) 6= 0, 1. If b(L) = 3, then by Proposition 2.1
dim(L/Z(L)) ≥ 4 which is a contradiction. Hence b(L) = 2 proving one direction
of Theorem 3.1. In order to prove the other direction of this theorem we need the
following results.
For the rest of this section we assume L is a finite dimensional nilpotent Lie
algebra with b(L) = 2 and A denote a maximal abelian ideal of L. Then Z(L) ⊆
A ( L and CL(A) = A. Let TA = {x ∈ L | bA(x) = 1}.
Lemma 3.2. Let L be a finite dimensional nilpotent Lie algebra with b(L) = 2, A
be a maximal abelian ideal of L and bA(L) = 2. Let x, y, z ∈ L such that y− z /∈ A,
and bA(x) = 2. Then at least one of the elements y, z, y+ z, x+ y, x+ z, x+ y + z
is not in TA.
Proof. Suppose S = {y, z, y+z, x+y, x+z, x+y+z} ⊂ TA. Set T1 = span{y, z} =
span{y, y−z}, T2 = span{x+y, x+z} = span{y−z, x+z} and T3 = span{y, x+z}.
Note that bA(y − z) = 1 since y − z /∈ A. Since bA(L) = 2, we have dim[Tj , A] =
1, or 2 for 1 ≤ j ≤ 3. So at least two of these subspaces have dimension 1 or at
least two of these subspaces have dimension 2.
Suppose dim[T1, A] = 1 and dim[T2, A] = 1. Thus [A, y] = [A, z] = [A, y − z] =
[A, x+y] = [A, x+z] and each of them is one dimensional. Then [A, x] = [A, (x+z)+
(y− z)− y] ⊆ [A, x+ z] + [A, y− z] + [A,−y] ⊆ [A, y] contradicting the assumption
that bA(x) = 2. Similar augments show that if dim[T1, A] = 1 = dim[T3, A] or
dim[T2, A] = 1 = dim[T3, A] we have a contradiction.
Suppose dim[T1, A] = 2 = dim[T2, A]. Since bA(y) = bA(z) = 1 and dim[T1, A] =
2, we have {y, z} is linearly independent and im(ady|A) ∩ im(adz|A) = {0}. Let
a ∈ ker(ady−z|A). Then [a, y − z] = 0 which implies [a, y] = [a, z] = 0 since
im(ady|A) ∩ im(adz|A) = {0}. Therefore, a ∈ ker(ady|A) and a ∈ ker(adz|A)
Hence ker(ady−z|A) ⊆ ker(ady|A) and ker(ady−z|A) ⊆ ker(adz|A). This implies
ker(ady−z|A) = ker(ady|A) = ker(adz |A) since each of them have codimension
1 in A. Similarly, since dim[T2, A] = 2, bA(x + y) = 1 = bA(x + z) we have
{x + y, x + z} linearly independent and im(adx+y|A) ∩ im(adx+z|A) = {0}. Since
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y − z = (x + y) − (x + z), as before we have ker(ady−z|A) = ker(adx+y|A) =
ker(adx+z|A). In particular, ker(ady|A) = ker(adx+y|A). Since x = (x+y)−y it fol-
lows that ker(ady|A) = ker(adx+y|A) ⊆ ker(adx|A) which implies rank(adx|A) ≤ 1,
a contradiction since bA(x) = 2 by assumption. Similar augments show that
dim[T1, A] = 2 = dim[T3, A] or dim[T2, A] = 2 = dim[T3, A] leads to a contra-
diction. Therefore, S 6⊆ TA which proves the result. 
Lemma 3.3. Let L be a finite dimensional nilpotent Lie algebra with b(L) = 2 and
A be a maximal abelian ideal of L. Suppose bA(L) = 2. Then dim[A,L] = 2.
Proof. Since bA(L) = 2, there exists x ∈ L \ A such that bA(x) = 2. Define
Lx = ∩c∈A(A + ker(adc+x)). Clearly A ⊆ Lx ⊆ L. For any c ∈ A, bA(x) =
bA(c + x) = 2 = b(L) since A is abelian. Hence im(adc+x) = im(adc+x)|A for all
c ∈ A. Therefore, for any y ∈ L there exists b ∈ A such that [c + x, y] = [c + x, b]
which implies y− b ∈ ker(adc+x) and y = b+(y− b) ∈ A+ker(adc+x) for all c ∈ A.
Hence y ∈ Lx and we have L = Lx.
Choose any elements a ∈ A and y ∈ L = Lx. So y = a′ + y′ = a′′ + y′′ where
a′, a′′ ∈ A and y′ ∈ ker(ada+x), y′′ ∈ ker(adx). Hence y′ − y′′ ∈ A, [a + x, y′] =
0 = [x, y′′]. So we have [a, y] = [a, a′ + y′] = [a, y′] = [y′, x] = [y′ − y′′, x] ∈ [A, x].
Therefore, [A,L] ⊆ [A, x] which implies that dim[A,L] ≤ bA(x) = 2. However,
since bA(L) = 2 we have dim[A,L] ≥ 2. Therefore, dim[A,L] = 2. 
Proposition 3.4. Let L be a finite dimensional nilpotent Lie algebra with b(L) = 2
and A be a maximal abelian ideal of L. Suppose bA(L) = 2 and [x, L] ⊆ [A,L] for
all x ∈ L with bA(x) = 2. Then [L,L] = [A,L] and dim[L,L] = 2.
Proof. By Lemma 3.3 it suffices to prove that [L,L] = [A,L]. Since [A,L] ⊆ [L,L],
we need to show that [L,L] ⊆ [A,L]. Suppose [y, L] 6⊆ [A,L] for some y ∈ L \ A.
Then there exists z ∈ L\A such that [y, z] /∈ [A,L]. If bA(y) = 0, then y ∈ CL(A) =
A which is a contradiction. If bA(y) = 2, then by assumption [y, L] ⊆ [A,L] which
is a contradiction. Hence bA(y) = 1. Similarly bA(z) 6= 0 since z /∈ A. If bA(z) = 2,
then by assumption [z, L] ⊆ [A,L]. Hence [y, z] = −[z, y] ∈ [A,L] which is a
contradiction. Therefore, bA(z) = 1. Also note that y − z /∈ A since y − z ∈ A
implies [y, z] = −[y, y − z] ∈ [L,A] = [A,L] which is a contradiction.
Since bA(L) = 2, there exists x ∈ L such that bA(x) = 2. Since A is abelian
x /∈ A. By assumption [x, L] ⊆ [A,L]. If bA(x + y) = 0, then x + y ∈ CL(A) = A
which implies [y, L] = [−x, L]+ [x+y, L] ∈ [A,L], a contradiction. If bA(x+y) = 2,
then by assumption [x+ y, L] ⊆ [A,L] which implies [y, L] = [−x, L] + [x+ y, L] ∈
[A,L], a contradiction. Therefore, bA(x + y) = 1 since bA(x + y) ≤ 1. By similar
argument it follows that bA(x + z) = 1. Now suppose bA(y + z) = 0. Then as
before y + z ∈ CL(A) = A which implies [y, z] = [y, y + z] ∈ [L,A] = [A,L], a
contradiction. If bA(y + z) = 2, then by assumption [y + z, L] ⊆ [A,L] which
implyes [y, z] = [y + z, z] ∈ [A,L], a contradiction. Therefore, bA(y + z) = 1 since
bA(y + z) ≤ 1. Now suppose bA(x + y + z) = 0. Then as before x + y + z ∈
CL(A) = A which implies [y, z] = [x + y + z, z] − [x, z] ∈ [A,L], a contradiction.
If bA(x + y + z) = 2, then by assumption [x + y + z, L] ∈ [A,L] which implies
[y, z] = [x+ y+ z, z]− [x, z] ∈ [A,L], a contradiction. Hence bA(x+ y+ z) = 1 since
bA(x + y + z) ≤ 2. However, by Lemma 3.2 this is a contradicttion. Therefore,
[L,L] ⊆ [A,L], which completes the proof. 
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Proposition 3.5. Let L be a finite dimensional nilpotent Lie algebra with b(L) = 2
and A be a maximal abelian ideal of L. Suppose bA(L) = 1. Then one of the
following hold:
(1) dim[A,L] = 1 and b(L/[A,L]) < 2.
(2) dim(A/Z(L)) = 1 and dim(L/Z(L)) ≤ 3.
Proof. Since bA(L) = 1 and A = CL(A), for all x ∈ L \ A we have bA(x) = 1
and nullity(adx|A) = dim(A) − 1. Suppose that there exists elements x, y ∈ L \ A
such that ker(adx|A) 6= ker(ady|A). Then A = ker(adx|A) + ker(ady|A) and there
exists elements a, b ∈ A such that [x, a] = 0 = [y, b] but [x, b] 6= 0, [y, a] 6= 0.
Since bA(L) = 1, it follows that [x, b] and [y, a] are linearly dependent. Hence
[x,A] = [y,A] since bA(x) = 1 = bA(y). Let z ∈ L \ A and [z, A] 6= [x,A] = [y,A].
Then by the above argument ker(adz |A) = ker(adx|A) and ker(adz|A) = ker(ady|A).
This is a contradiction since by assumption ker(adx|A) 6= ker(ady|A). Therefore,
[z, A] = [x,A] for all z ∈ L \A. Hence dim[L,A] = dim[A,L] = 1 since bA(L) = 1.
Now let x+ [A,L] ∈ L/[A,L]. Then [x,A] ⊆ [x, L] and dim[x,A] = 1 since bA(x) =
1. Hence dim[x, L]/[x,A] ≤ 1 since b(L) = 2. This implies b(L/[A,L]) < 2.
Now suppose that ker(adx|A) = ker(ady|A) for all x, y ∈ L \A. Since Z(L) ⊆ A,
we have Z(L) ⊂ ker(adx|A) for all x ∈ L\A. Let z ∈ ker(adx|A). Then [z, y] = 0 for
all y ∈ L since A is abelian and ker(adx|A) = ker(ady|A) for all y ∈ L\A. Therefore,
ker(adx|A) = Z(L) and dim(Z(L)) = nullity(adx|A) = dim(A)− 1 for all x ∈ L \A.
Hence dim(A/Z(L)) = 1. Choose u ∈ A\Z(L). Then A = span{u, Z(L)}. Suppose
dim(L/A) ≥ 3. Then there exist x, y, z ∈ L \ A such that {x +A, y +A, z + A} is
linearly independent. Suppose k1[x, u] + k2[y, u] + k3[z, u] = 0 for some k1, k2, k3 ∈
F . Then [k1x+k2y+k3z, u] = 0 which implies [k1x+k2y+k3z, A] = 0. Hence k1x+
k2y + k3z ∈ CL(A) = A which is a contradiction. Therefore, {[x, u], [y, u], [z, u]} is
linearly independent and b(u) ≥ 3 which is a contradiction since b(L) = 2. Hence
dim(L/A) ≤ 2 which implies dim(L/Z(L)) ≤ 3. 
Proof of Theorem 3.1: We assume that b(L) = 2. Then by Proposition 2.3
we have dim[L,L] ≤ 3. Since L is not abelian dim[L,L] ≥ 1 and by Theorem
2.4 dim[L,L] 6= 1. Hence dim[L,L] = 2 or 3. Suppose that dim[L,L] = 3. Since
bA(L) ≤ b(L) = 2, we have bA(L) = 0, 1 or 2. If bA(L) = 0, then A = Z(L). Since
A = CL(A), it follows that A = L. This is a contradiction since b(L) = 2. If
bA(L) = 2 = b(L), then for all x ∈ L with bA(x) = 2 we have [L, x] = [A, x] ⊆
[A,L]. Hence by Proposition 3.4, we have dim[L,L] = 2 which is a contradiction.
Finally suppose bA(L) = 1. Then by Proposition 3.5, either dim(L/Z(L)) ≤ 3
or dim[A,L] = 1 and b(L/[A,L]) < 2. In the later case b(L/[A,L]) = 0 or 1. If
b(L/[A,L]) = 0, then L/[A,L] is abelian which implies that for all x ∈ L we
have Im(adx) ⊆ [A,L]. Since in this case we also have dim[A,L] = 1, it follows
that b(L) = 1 which is a contradiction. If b(L/[A,L]) = 1, then by Theorem 2.4
dim([L,L]/[A,L]) = 1 which implies that dim[L,L] = 2 since dim[A,L] = 1. This
is a contradiction. Therefore, dim(L/Z(L)) ≤ 3. Hence by Proposition 2.1 we have
dim(L/Z(L)) = 3, proving the theorem.
Corollary 3.6. If dim[L,L] = 3, the dim(A/Z(L)) = 1.
Proof. As shown in the proof of Theorem 3.1 above, if dim[L,L] = 3, then bA(L) = 1
and dim(L/Z(L)) ≤ 3. Hence by Proposition 3.5 we have dim(A/Z(L)) = 1. 
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4. Classification of breadth two nilpotent Lie algebras
In this section we use the characterization given in Theorem 3.1 to determine
the isomorphism classes of finite dimensional nilpotent Lie algebras L with b(L) =
2. Note that in this case by Proposition 2.1 we have dim(L/Z(L)) ≥ 3. Hence
dim(L) ≥ 4 since Z(L) 6= {0}. If dim(L) = 4, then dimZ(L) = 1 and by Theorem
3.1 we have dim[L,L] = 2. In the following we only state the nonzero brackets for
the basis vectors of a Lie algebra.
Theorem 4.1. Let L be a 4-dimensional nilpotent Lie algebra with b(L) = 2. Then
L = span{x1, x2, x3, z} with [x1, x2] = x3, [x1, x3] = z.
Proof. Since L is a nilpotent Lie algebra of dimension 4, by Theorem 3.1 we have
dim[L,L] = 2. Suppose Z(L) 6⊆ [L,L]. Then L has an abelian ideal I as a direct
summand. This implies L = L′ ⊕ I where L′ is nilpotent of dimension at most
3. Hence b(L′) ≤ 1 and b(I) = 0. This means by Proposition 2.2 that b(L) ≤ 1
which is a contradiction. Hence Z(L) ⊆ [L,L]. Suppose Z(L) = [L,L]. Choose
a basis {u, v} for Z(L) and extend it to a basis {x, y, u, v} of L. Then [L,L] =
span{[x, y]} contradicting the fact that dim[L,L] = 2. Therefore dimZ(L) = 1.
Hence L/Z(L) is a three dimensional nilpotent Lie algebra which is not abelian
since Z(L) ( [L,L]. Thus L/Z(L) is a three dimensional Heisenberg Lie algebra.
Choose a basis {x+Z(L), y+Z(L), v+Z(L)} with {[x, y]−v, [x, v], [y, v]} ⊂ Z(L).
Suppose Z(L) = span{u}. Then [x, y] = v + au, [x, v] = bu, [y, v] = cu for some
a, b, c ∈ F . Setting w = v + au, we have [x, y] = w, [x,w] = bu, [y, w] = cu. Note
that since dim[L,L] = 2, both b and c can not be zero. If b = 0 and c = 0,
Then [L,L] = span{w} which is a contradiction. If b 6= 0, c = 0, then we set
x1 = x, x2 = y, x3 = w, z = bu. The case b = 0, c 6= 0 is similar. If b 6= 0 and c 6= 0,
then set x1 = x, x2 = by − cx, x3 = bw, z = b2u to complete the proof. 
Definition 4.2. A Lie algebra is said to be pure if it does not have an abelian
ideal as a direct summand.
It follows immediately from the definition that L is pure if and only if Z(L) ⊆
[L,L]. Since we can harmlessly add abelian ideals as direct summands, it is sufficient
to classify the finite dimensional pure nilpotent Lie algebras. In particular, it follows
from Theorem 2.5 that any finite dimensional pure nilpotent Lie algebra L with
b(L) = 1 is isomorphic to a Heisenberg Lie algebra.
Proposition 4.3. Let L be a finite dimensional pure nilpotent Lie algebra with
b(L) = 2 and suppose L = L1⊕L2⊕ · · · ⊕Ln is a direct sum of ideals. Then n = 2
and each Li is isomorphic to a Heisenberg Lie algebra. (Hence dim(L) is even.)
Proof. By Proposition 2.2 it follows that
∑n
i=1 b(Li) = b(L) = 2. Since L is pure
b(Li) 6= 0, 1 ≤ i ≤ n as Li is not an abelian ideal. Hence n = 2 and b(Li) =
1, i = 1, 2. So by Theorem 2.5 , each Li, i = 1, 2 is isomorphic to a Heisenberg Lie
algebra. 
Now using Theorem 3.1 we will classify finite dimensional pure nilpotent Lie
algebras L with b(L) = 2. By Theorem 4.1 and the previous observation we can
assume that dim(L) ≥ 5. By Proposition 4.3 we also assume that L is irreducible
(i.e. not a direct summand of Lie algebras of smaller dimensions).
Theorem 4.4. Let L be a finite dimensional pure nilpotent Lie algebra with b(L) =
2 and dim[L,L] = 3 = dimL/Z(L). Then
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(1) L = span{x1, x2, x3, z1, z2} with [x1, x2] = x3, [x1, x3] = z1, [x2, x3] = z2,or
(2) L = span{x1, x2, x3, z1, z2, z3} with [x1, x2] = z1, [x1, x3] = z2, [x2, x3] = z3.
Proof. Since L is pure we have Z(L) ⊆ [L,L], so dimZ(L) = 1, 2 or 3. If dimZ(L) =
1, then dim(L) = 4 and [L,L] has codimension 1 in L which contradicts nilpotency
of L. Suppose dimZ(L) = 2. Then dim(L) = 5. Choose a basis {u, v} for Z(L)
and extend it to a basis {x, y, z, u, v} of L where {z, u, v} is a basis for [L,L]. Since
L/Z(L) is a 3-dimensional nilpotent Lie algebra we have [L, [L,L]] ⊆ Z(L), hence
[x, z] = b1u + b2v and [y, z] = c1u + c2v for some b1, b2, c1, c2 ∈ F . Also [x, y] =
a0z + a1u + a2v for some a0, a1, a2 ∈ F where a0 6= 0 since [L,L] ) Z(L). Now
setting x1 = x, x2 = y, x3 = a0z+ a1u+ a2v, z1 = a0(b1u+ b2v), z2 = a0(c1u+ c2v)
we obtain the algebra L in (1).
Now we assume dimZ(L) = 3. Then dim(L) = 6 and Z(L) = [L,L]. Choose
a basis {u, v, w} for Z(L) and extend it to a basis {x, y, z, u, v, w} of L. Since
dim[L,L] = 3, and Z(L) = [L,L], we observe that {z1 = [x, y], z2 = [y, z], z3 =
[z, x]} is a basis for Z(L). Now setting x1 = x, x2 = y, x3 = z we easily see that
L = span{x1, x2, x3, z1, z2, z3} with the bracket structure given in (2). 
Theorem 4.5. Let L be a finite dimensional pure nilpotent Lie algebra with dim(L)
= n+4, n ≥ 1, b(L) = 2, dim[L,L] = 2 and dimZ(L) = 1. Then L = span{x1, x2, x3,
z, z1, · · · , zn} with the nonzero products given by:
(1) n even: [x1, x2] = x3, [x1, x3] = z, [zi, zi+1] = z, i = 1, 3, 5, · · · , n− 1.
(2) n odd: [x1, x2] = x3, [x1, x3] = z, [x2, z1] = z, [zi+1, zi+2] = z,
i = 1, 3, 5, · · · , n− 2.
Proof. Since L is a pure nilpotent Lie algebra, we have Z(L) ⊆ [L,L] = L2 and
L3 = [L, [L,L]] ( L2. Therefore, dim(L3) ≤ 1. Since L2 6⊆ Z(L), we have L3 6= 0.
Hence L3 = Z(L) since L3 ∩ Z(L) 6= {0}. Choose a basis {u} for Z(L) and extend
it to a basis {v, u} for L2. For any y ∈ L, we have ady|L2 : L2 −→ L3 = Z(L).
Since dimZ(L) = 1 and [v, u] = 0, the subspace span{ady|L2 | y ∈ L} of gl(L2) is
one dimensional. Hence CL(L
2) which is the kernel of the map ad : y −→ ady|L2
has codimension 1 in L. Choose x ∈ L \ CL(L2). Then L = span{x} ⊕ CL(L2).
Since 0 6= [x, v] ∈ Z(L), scaling u if necessary we can assume that [x, v] = u.
For v1, v2 ∈ CL(L2), we have [x, [v1, v2]] = 0 by Jacobi identity, which implies
that [CL(L
2), CL(L
2)] ⊆ Z(L). Since v ∈ L2, there exists y ∈ CL(L2) such that
[x, y] = v + cu for some c ∈ F . Replacing y by y − cv, we can and do assume that
[x, y] = v. Since dim[L,L] = 2, dimZ(L) = 1, we have dim[L/Z(L), L/Z(L)] = 1.
Hence b(L/Z(L)) = 1 since L is pure. Therefore, applying Theorem 2.5 to L/Z(L),
we have a basis {x, y, v, u, w1, · · · , wn} for L with [x, y] = v, [x, v] = u and all other
brackets of the basis elements in Z(L). Observe that [y, v] = [v, wi] = 0, 1 ≤ i ≤ n
since y, wi ∈ CL(L2). Also [x,wi] = ciu, ci ∈ F, 1 ≤ i ≤ n. Therefore, replacing wi
with wi − civ we can assume that [x,wi] = 0, 1 ≤ i ≤ n.
Consider the subalgebra N = span{y, u, w1, · · · , wn} of L. Since [N,N ] ⊆
Z(L) = span{u}, we have b(N) ≤ 1. If b(N) = 0, then wi ∈ Z(L), 1 ≤ i ≤ n
since [x,wi] = 0 = [v, wi]. This is impossible since dimZ(L) = 1. Therefore,
b(N) = 1 which implies [N,N ] = Z(L). Define the bilinear form ϕ : N ×N −→ F
by ϕ(a, b) = α if [a, b] = αu. Then ϕ is an alternating form. Note that wi 6∈ Z(N)
since wi 6∈ Z(L), 1 ≤ i ≤ n. 
The last case (see Theorem 3.1) is when L is a finite dimensional pure nilpotent
Lie algebra with b(L) = 2, and dimZ(L) = 2 = dim[L,L]. Since L is pure we have
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Z(L) = [L,L]. In this case we determine the isomorphism classes for dim(L) =
5, and6 below.
Theorem 4.6. Let L be a 5-dimensional nilpotent pure Lie algebra with b(L) =
2, dimZ(L) = 2 = dim[L,L]. Then L = span{x1, x2, x3, z1, z2} with the nonzero
products given by [x1, x2] = z1, [x1, x3] = z2.
Proof. Let x ∈ L such that b(x) = 2. Then there exists linearly independent
vectors y1, y2, z1, z2 ∈ L such that [x, y1] = z1, [x, y2] = z2. Since [L,L] = Z(L),
and dimZ(L) = 2, we have Z(L) = span{z1, z2}. Suppose [y1, y2] = a1z1+ a2z2 for
some a1, a2 ∈ F . Set x1 = x, x2 = y1 − a2x, x3 = y2 + a1x. Then clearly we have
[x1, x2] = z1, [x1, x3] = z2, [x2, x3] = 0 and L = span{x1, x2, x3, z1, z2} completing
the proof. 
Theorem 4.7. Let L be a 6-dimensional nilpotent pure Lie algebra with b(L) =
2, dimZ(L) = 2 = dim[L,L]. Then L = span{x1, x2, x3, x4, z1, z2} with the nonzero
products given by
(1) [x1, x2] = z1, [x3, x4] = z2, or
(2) [x1, x2] = z1, [x2, x3] = z2, [x3, x4] = z1, [x1, x4] = αz2, for some α ∈ F .
Proof. If L is a direct sum of nontrivial ideals then it follows from Proposition 4.3
that L = span{x1, x2, x3, x4, z1, z2} with the nonzero products given by (1). Now
assume that L cannot be written as direct sum of nontrivial ideals. Then we have
two cases: (i) L contains an element of breadth one, (ii) L does not contain an
element of breadth one.
Case (i): Suppose x1 ∈ L and b(x1) = 1. Then there exist x2 ∈ L such that
[x1, x2] = z1 ∈ Z(L) since [L,L] = Z(L). Suppose b(x2) = 1. Then both ker adx1
and ker adx2 have codimension 1 in L. Set A = span{x1, x2}. Then CL(A) =
ker adx1 ∩ ker adx2 has codimension 2 in L. So dimCL(A) = 4 and Z(L) ( CL(A).
Choose y1, y2 ∈ L such that CL(A) = Z(L) + span{y1, y2}. Since b(L) = 2 and
[L,L] = Z(L) we have [y1, y2] = z2 ∈ Z(L)\span{z1}. Set I = span{x1, x2, z1} and
J = span{y1, y2, z2}. Since L = A⊕CL(A), we have I, J ideals of L and L = I ⊕J
which is a contradiction. Hence b(x2) = 2. Thus ker adx2 has codimension 2 in L,
so CL(A) has codimension 3 in L and CL(A) has codimension 2 in ker adx1 . Choose
0 6= x3 ∈ ker adx1 so that ker adx1 = CL(A) + span{x1, x3}. Then [x1, x3] = 0 and
[x2, x3] 6= 0. Suppose [x2, x3] = αz1 for some 0 6= α ∈ F . Then x3 + αx1 ∈ CL(A)
which is a contradiction. Hence [x2, x3] = z2 ∈ Z(L) and Z(L) = span{z1, z2}.
Since Z(L) has codimension 1 in CL(A), there exists x4 ∈ CL(A) such that CL(A) =
Z(L) + span{x4}. Thus [x1, x4] = 0 = [x2, x4] and 0 6= [x3, x4] ∈ Z(L).
Case (ii): For all x ∈ L \ Z(L) we have b(x) = 2. 
For α ∈ F , let us denote Lα = span{x1, x2, x3, x4, z1, z2} to be the 6-dimensional
nilpotent pure Lie algebra with the nonzero products given in Theorem 4.7 (2). As
given in ([1], page 647), for α, β ∈ F , the Lie algebras Lα and Lβ are isomorphic if
α = γ2β for some 0 6= γ ∈ F . However, as the following corollary shows, this is not
a necessary condition.
Corollary 4.8. Let L be a 6-dimensional nilpotent pure Lie algebra over an al-
gebraically closed field F with b(L) = 2, dimZ(L) = 2 = dim[L,L]. Then L =
span{x1, x2, x3, x4, z1, z2} with the nonzero products given by
(1) [x1, x2] = z1, [x3, x4] = z2, or
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(2) [x1, x2] = z1, [x2, x3] = z2, [x3, x4] = z1.
Proof. It suffices to prove that for any α ∈ F , Lα = span{x1, x2, x3, x4, z1, z2}
with the nonzero products given in Theorem 4.7(2) is isomorphic to L0 when F
is algebraically closed. Since F is algebraically closed
√−α ∈ F . Consider the
vector y =
√−αx2 + x4 ∈ Lα. Then imady = span{z1−
√−αz2}. Hence b(y) = 1.
Since Lα contains an element of breadth one, as shown in the proof of Theorem 4.7
Lα ∼= L0. 
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